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§1. Introduction
The notion of Novikov algebra was originally introduced in connection with the Poisson bracket
of hydrodynamic type [3, 6, 7] and Hamiltonian operators in formal variational calculus [11, 27].
The systemetic study of Novikov algebras was started by Zel’manov [37] and Filipov [10], whereas
the term “Novikov algebra” was first used by Osborn [23]. Novikov algebras constitute a special
class of left-symmetric algebras (or under other names like pre-Lie algebras, Vinberg algebras and
quasi-associative algebras), arising from the study of affine manifolds, affine structures and convex
homogeneous cones [2, 16, 25]. Left-symmetric algebras are closely related with many important
fields in mathematics and mathematical physics, such as infinite-dimensional Lie algebras [4], clas-
sical and quantum Yang-Baxter equation [9, 12], and quantum field theory [5]. The superanalogue
of Novikov algebras was introduced and studied by Xu [29, 30].
Hom-Lie algebras were initially introduced by Hartwig, Larsson and Silvestrov [13] motivated by
constructing examples of deformed Lie algebras coming from twisted discretizations of vector fields.
This kind of algebraic structure contains Lie algebras as a particular case. Hom-Lie algebras were
intensively discussed in [31, 32, 33, 34]. Hom-associative algebras were introduced in [21], where
it was shown that the commutator bracket of a Hom-associative algebra gives rise to a Hom-Lie
algebra. The graded case was mentioned in [17, 18], while a detailed study was given in [1, 36].
Gelfand and Dorfman [11] introduced the notion of Gel’fand-Dorfman bialgebra in the study
of certain Hamiltonian pairs, which play important roles in complete integrability of nonlinear
evolution partially differential equations. The super Gel’fand-Dorfman bialgebra was introduced
and studied in [26], where it was proved that a super Gel’fand-Dorfman bialgebra is equivalent
to a quadratic conformal superalgebra. An analogous result for Gel’fand-Dorfman bialgebras was
essentially stated in [11].
The notion of Lie conformal (super)algebra, introduced by Kac [14], encodes an axiomatic
description of the operator product expansions of chiral fields in conformal field theory. Closely
related to vertex algebras [19, 20], Lie conformal algebras have important applications in other
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areas of algebras and integrable systems [38, 39]. In particular, they provide powerful tools in the
study of infinite-dimensional Lie (super)algebras satisfying the locality property [14, 24]. The main
examples are those based on the punctured complex plane, such as the Virasoro algebra and the
loop Lie algebras [8].
In this paper, we introduce and study Hom Gel’fand-Dorfman bialgebras and Hom-Lie confor-
mal algebras, which are natural generalizations of Gel’fand-Dorfman bialgebras and Lie conformal
algebras, respectively.
The paper is organized as follows: In Sec. 2, we review the notions of Novikov algebra, Hom-Lie
algbra, Hom-Novikov algebra, Gel’fand-Dorfman algebra and Lie conformal algebra. In Sec. 3, we
introduce the notion of Hom Gel’fand-Dorfman bialgebra and give four basic constructions of Hom
Gel’fand-Dorfman bialgebras. In Sec. 4, we introduce the notion of Hom-Lie conformal algebra
and provide a general construction of Hom-Lie conformal algebras. In Sec. 5, we prove that a Hom
Gel’fand-Dorfman bialgebra is equivalent to a Hom-Lie conformal algebra of degree 2.
§2. Preliminaries
In this section, we recall the notions of Novikov algebra, Hom-Novikov algebra, Hom-Lie algbra,
Gel’fand-Dorfman algebra and Lie conformal algebra. Throughout this paper, all vector spaces and
tensor products are over the complex field C. In addition to the standard notation Z, we use Z+
to denote the set of nonnegative integers.
Definition 2.1 A Novikov algebra is a vector space A equipped with an operation ◦ such that for
x, y, z ∈ A:
(x ◦ y) ◦ z = (x ◦ z) ◦ y, (x, y, z) = (y, x, z), (2.1)
where the associator (x, y, z) = (x ◦ y) ◦ z − x ◦ (y ◦ z).
The first identity in (2.1) says that the right multiplication operators on A commute with one
another and the second identity states that the associator is symmetric in the first two variables.
Yau introduced a twisted generalization of Novikov algebras, named Hom-Novikov algebras [35].
Definition 2.2 A Hom-Novikov algebra is a vector space A equipped with a bilinear operation ◦
and a linear endomorphism α, such that the following two relations hold for x, y, z ∈ A:
(x ◦ y) ◦ α(z)− α(x) ◦ (y ◦ z) = (y ◦ x) ◦ α(z) − α(y) ◦ (x ◦ z), (2.2)
(x ◦ y) ◦ α(z) = (x ◦ z) ◦ α(y). (2.3)
Obviously, Novikov algebras are examples of Hom-Novikov algebras where α = id. The study
of Hom-type algebras started with the notion of Hom-Lie algebra, which was originally introduced
by Hartwig, Larsson and Silvestrov [13] motivated by constructing deformations of the Witt and
Virasoro algebras based on σ-derivations.
Definition 2.3 A Hom-Lie algebra is a vector space L with a bilinear map [·, ·] : L×L −→ L and
a linear map α : L −→ L, such that the following relations hold for x, y, z ∈ L:
[x, y] = −[y, x], (skew-symmetry) (2.4)
[[x, y], α(z)] + [[y, z], α(x)] + [[z, x], α(y)] = 0. (Hom-Jacobi identity) (2.5)
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The notion of Gel’fand-Dorfman bialgebra was initially introduced in the study of Hamilton
operators [11].
Definition 2.4 A Gel’fand-Dorfman bialgebra is a vector space A, equipped with two operations
[·, ·] and ◦ such that (A, [·, ·]) forms a Lie algebra, (A, ◦) forms a Novikov algebra and the compat-
ibility condition holds for x, y, z ∈ A:
[x ◦ y, z]− [x ◦ z, y] + [x, y] ◦ z − [x, z] ◦ y − x ◦ [y, z] = 0. (2.6)
Such a bialgebraic structure corresponds to the following Poisson bracket of dynamic type
[u(x), v(y)] = [u, v](x)δ(x, y) + ∂x(u ◦ v)(x)δ(x, y) + (u ◦ v + v ◦ u)(x)∂xδ(x, y). (2.7)
It was pointed out in [11] that if we define
[x, y]− = x ◦ y − y ◦ x, for x, y ∈ A, (2.8)
for a Novikov algebra (A, ◦), then (A, [·, ·]−, ◦) forms a Gel’fand-Dorfman bialgebra.
The follow definition is due to Kac [14].
Definition 2.5 A Lie conformal algebra is a C[∂]-module R with a λ-bracket [·λ·] which defines a
C-bilinear map from R⊗R to R[λ], where R[λ] = C[λ]⊗R is the space of polynomials of λ with
coefficients in R, satisfying the following axioms for all a, b, c ∈ R:
[∂aλb] = −λ[aλb], (conformal sesquilinearity) (2.9)
[aλb] = −[b−λ−∂a], (skew-symmetry) (2.10)
[aλ[bµc]] = [[aλb]λ+µc] + [bµ[aλc]]. (Jacobi identity) (2.11)
Let m be a positive integer. A Lie conformal algebra R is called a Lie conformal algebra of
degree m if for any a, b ∈ R,
[aλb] =
∑
j≥0,i+j<m
∂iwi,jλ
j , for some wi,j ∈ R. (2.12)
It was stated in [11] that a Gel’fand-Dorfman bialgebra is equivalent to a Lie conformal algebra
of degree 2. This statement was proved by Xu [26] in the super case.
§3. Hom Gel’fand-Dorfman bialgebras
In this section, we introduce the notion of Hom Gel’fand-Dorfman bialgebra. Also, we present
four constructions of Hom Gel’fand-Dorfman bialgebras from Hom-Novikov algebras, Gel’fand-
Dorfman bialgebras, commutative Hom-associative algebras and Hom-Poisson algebras along with
some suitable algebra endomorphisms or derivations.
Definition 3.1 A Hom Gel’fand-Dorfman bialgebra is a vector space A equipped with a linear
endomorphism α and two operations [·, ·] and ◦, such that (A, [·, ·], α) is a Hom-Lie algebra, (A, ◦, α)
is a Hom-Novikov algebra and the following compatibility condition holds for x, y, z ∈ A:
[x ◦ y, α(z)] − [x ◦ z, α(y)] + [x, y] ◦ α(z) − [x, z] ◦ α(y)− α(x) ◦ [y, z] = 0. (3.1)
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Clearly, we recover the Gel’fand-Dorfman bialgebras when α = id. In the sequel, we shall
simply call a Hom Gel’fand-Dorfman bialgebra a Hom-GD bialgebra.
Our first construction of Hom-GD bialgebras is from Hom-Novikov algebras, analogous to the
fundamental construction of Gel’fand-Dorfman bialgebras from Novikov algebras via the commu-
tator bracket [11].
Theorem 3.2 Let (A, ◦, α) be a Hom-Novikov algebra. Define the commutator
[x, y]− = x ◦ y − y ◦ x, for x, y ∈ A. (3.2)
Then (A, [·, ·]−, ◦, α) forms a Hom-GD algebra.
Proof. Clearly, [·, ·]− is skew-symmetric. For any x, y, z ∈ A, we have
[x, y]− ◦ α(z) + [y, z]− ◦ α(x) + [z, x]− ◦ α(y)
=
(
(x ◦ y) ◦ α(z) − (x ◦ z) ◦ α(y)
)
+
(
(y ◦ z) ◦ α(x)− (y ◦ x) ◦ α(z)
)
+
(
(z ◦ x) ◦ α(y) − (z ◦ y) ◦ α(x)
)
= 0, (3.3)
by (2.3) and (3.2). Similarly, we get
α(x) ◦ [y, z] + α(y) ◦ [z, x] + α(z) ◦ [x, y] = 0, (3.4)
which together with (3.3) implies (2.5). Thus (A, [·, ·]−, α) is a Hom-Lie algebra. By (2.2) and
(3.2), we obtain
[x ◦ y, α(z)]− − [x ◦ z, α(y)]− + [x, y]− ◦ α(z) − [x, z]− ◦ α(y)− α(x) ◦ [y, z]−
= (x ◦ y) ◦ α(z) − α(z) ◦ (x ◦ y)− (x ◦ z) ◦ α(y) + α(y) ◦ (x ◦ z) + (x ◦ y) ◦ α(z)
−(y ◦ x) ◦ α(z) − (x ◦ z) ◦ α(y) + (z ◦ x) ◦ α(y)− α(x) ◦ (y ◦ z) + α(x) ◦ (z ◦ y)
=
(
(x ◦ y) ◦ α(z) + α(y) ◦ (x ◦ z)− (y ◦ x) ◦ α(z)− α(x) ◦ (y ◦ z)
)
+
(
(z ◦ x) ◦ α(y) + α(x) ◦ (z ◦ y)− α(z) ◦ (x ◦ y)− (x ◦ z) ◦ α(y)
)
= 0.
This proves (3.1) and the theorem. 
The following result, due to Yau [35], gives a construction of Hom-Novikov algebras from
Novikov algebras with an algebra endomorphism.
Proposition 3.3 Let (A, ◦) be a Novikov algebra with an algebra endomorphism α. Then (A, ◦α, α)
forms a Hom-Novikov algebra, where
x ◦α y = α(x) ◦ α(y), for x, y ∈ A. (3.5)
As a consequence of Theorem 3.2 and Proposition 3.3, we obtain
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Corollary 3.4 Let (A, ◦) be a Novikov algebra and α an algebra endomorphism of (A, ◦). Then
(A, [·, ·]−α , ◦α, α) is a Hom-GD bialgebra, with ◦α defined by (3.5) and
[x, y]−α = α(x ◦ y)− α(y ◦ x), for x, y ∈ A. (3.6)
The following theorem, which is an analogue of Proposition 3.3, shows our second construction
of Hom-GD bialgebras from a Gel’fand-Dorfman algebra with an algebra endomorphism.
Theorem 3.5 Let (A, [·, ·], ◦) be a Gel’fand-Dorfman algebra with an algebra endomorphism α.
Then (A, [·, ·]α, ◦α, α) forms a Hom-GD bialgebra, where ◦α is defined by (3.5) and
[x, y]α = [α(x), α(y)], for x, y ∈ A. (3.7)
Proof. Since (A, [·, ·]α, α) is a Hom-Lie algebra and (A, ◦α, α) is a Hom-Novikov algebra, it remains
to check the compatibility condition (3.1). As α is an algebra homomorphism of (A, [·, ·], ◦, α) and
by (2.6), we have
[x ◦α y, α(z)]α − [x ◦α z, α(y)]α + [x, y]α ◦α α(z) − [x, z]α ◦α α(y)− α(x) ◦α [y, z]α
= α2
(
[x ◦ y, z]− [x ◦ z, y] + [x, y] ◦ z − [x, z] ◦ y − x ◦ [y, z]
)
= 0,
which concludes the proof. 
Example 3.6 Suppose that ∆ is an additive subgroup of C and denote Γ = {0, 1, 2, · · · }. Let
A∆,Γ be the vector space with a basis {xa,j |(a, j) ∈ ∆×Γ}. For any given ξ ∈ C, define an algebra
operation on A∆,Γ by
xa,i ◦ xb,j = (b+ ξ)xa+b,i+j + jxa+b,i+j−1, for a, b ∈ ∆, i, j ∈ Γ.
It was proved in [28] that (A∆,Γ, ◦) forms a simple Novikov algebra. According to Gel’fand and
Dorfman’s statement in [11], there is a Gel’fand-Dorfman bialgebra (A∆,Γ, [·, ·]
−, ◦) with
[xa,i, xb,j]
− = xa,i ◦ xb,j − xb,j ◦ xa,i
= (b− a)xa+b,i+j + (j − i)xa+b,i+j−1,
for a, b ∈ ∆, i, j ∈ Γ. Define a linear endomorphism α of A∆,Γ by
α(xa,j) = e
axa,j, for a ∈ ∆. (3.8)
It is easy to check that α is an algebra homomorphism of (A∆,Γ, [·, ·]
−, ◦). By Theorem 3.5, we get
a Hom-GD bialgebra (A∆,Γ, [·, ·]
−
α , ◦α, α).
Let (A, ·) be a commutative associative algebra with a derivation D. It was proved that the
new operation
x ◦ y = x ·D(y) + λx · y, for x, y ∈ A, (3.9)
equips A with a structure of Novikov algebra for λ = 0 by Gel’fand and Dorfman [11], for λ ∈ F
by Filipov [10], and for a fixed element λ ∈ A by Xu [27]. Yau [35] gave an analogous construction
of Hom-Novikov algebras (in λ = 0 setting) from Hom-associative algebras introduced in [21].
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Definition 3.7 A Hom-associative algebra is a vector space V with a bilinear map µ : V ×V −→ V
and a linear map α : V −→ V , such that
µ(α(x), µ(y, z)) = µ(µ(x, y), α(z)), for x, y, z ∈ A. (3.10)
A Hom-associative algebra (A, µ, α) is called commutative if µ(x, y) = µ(y, x) for x, y ∈ A. A
derivation on a Hom-associative algebra is defined in the usual way.
The following result presents our third construction of Hom-GD bialgebras from a commutative
Hom-associative algebra with a derivation.
Theorem 3.8 Let (A, ·, α) be a commutative Hom-associative algebra with a derivation D such
that αD = Dα. Then (A, [·, ·]−, ◦, α) forms a Hom-GD algebra, where ◦ is defined by (3.9) and
[x, y]− = x ·D(y)− y ·D(x), for x, y ∈ A. (3.11)
Proof. By (3.9), (3.10) and the fact that αD = Dα, we have
(x ◦ y) ◦ α(z) = (x ·D(y) + λx · y) ◦ α(z)
= (x ·D(y) + λx · y) ·D(α(z)) + λ(x ·D(y) + λx · y) · α(z)
= α(x) · (D(y) ·D(z)) + λα(x) ·
(
y ·D(z) +D(y) · z
)
+ λ2α(x) · (y · z). (3.12)
Similarly, we have
(x ◦ z) ◦ α(y) = α(x) · (D(z) ·D(y)) + λα(x) ·
(
z ·D(y) +D(z) · y
)
+ λ2α(x) · (z · y). (3.13)
Combining (3.12) with (3.13) and using commutativity of (A, ·, α), we get
(x ◦ y) ◦ α(z) = (x ◦ z) ◦ α(y),
which proves (2.3). By commutativity and Hom-associativity of (A, ·, α), one can obtain
(x ◦ y) ◦ α(z) − α(x) ◦ (y ◦ z) = −(x · y) · α(D2(z)) − λ(x · y) · α(D(z)), (3.14)
which implies (2.2), because the right-hand side of (3.14) is symmetric in x and y. So (A, ◦, α) is
a Hom-Novikov algebra. By (3.11) and commutativity of (A, ·), we have [x, y]− = x ◦ y − y ◦ x. It
follows from Theorem 3.2 that (A, [·, ·]−, ◦, α) is a Hom-GD algebra. 
From the proof of the above theorem, we have the following result, generalizing Yau’s construc-
tion of Hom-Novikov algebras (see [35, Theorem 1.2]).
Corollary 3.9 Let (A, ·, α) be a commutative Hom-associative algebra with a derivation D such
that αD = Dα. For any fixed number λ, define
x ◦ y = x ·D(y) + λx · y, for x, y ∈ A. (3.15)
Then (A, ◦, α) is a Hom-Novikov algebra.
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Moreover, we have
Corollary 3.10 Let (A, ·) be a commutative associative algebra with an algebra endomorphism α
and a derivation D, such that Dα = αD. For any fixed number λ, define
x ◦ y = α(x ·D(y)) + λα(x · y), for x, y ∈ A. (3.16)
Then (A, [·, ·]−, ◦, α) forms a Hom-GD bialgebra, where
[x, y]− = α(x ·D(y))− α(y ·D(x)), for x, y ∈ A. (3.17)
Proof. For clarity, write x ·α y = α(x · y) for x, y ∈ A. Because α is an algebra endomorphism of
(A, ·), we have (A, ·α, α) is a commutative Hom-associative algebra. Since αD = Dα, D is also a
derivation of (A, ·α). We can rewrite (3.16) as
x ◦ y = x ·α D(y) + λx ·α y for x, y ∈ A.
According to Theorem 3.8, (A, [·, ·]−, ◦, α) forms a Hom-GD bialgebra. 
The following three examples are applications of Corollary 3.10.
Example 3.11 Consider the polynomial algebra C[x]. Let D = ddx be the differential operator
and α an endomorphism of C[x] determined by
α(xn) = (x+ c)n, with c ∈ C.
One has αD = Dα (cf. [35]). By Corollary 3.10, we have a Hom-GD bialgebra (C[x], [·, ·]−, ◦, α)
with
f(x) ◦ g(x) = f(x+ c)D(g(x + c)) + λf(x+ c)g(x+ c),
[f(x), g(x)]− = f(x+ c)D(g(x + c))− g(x+ c)D(f(x+ c)),
for all f(x), g(x) ∈ C[x], where λ is a fixed number.
Example 3.12 Let A be a commutative associative algebra with a nilpotent derivation D, namely,
there exists a positive integer n such that Dn = 0. The formal exponential map
α = eD = id +D +
1
2!
D2 + · · ·+
1
(n− 1)!
Dn−1
is an algebra automorphism of A, and αD = Dα (cf. [35]). For a fixed number λ, the operations
x ◦ y = α(x ·D(y)) + λα(x · y), [x, y]− = α(x ·D(y))− α(y ·D(x)), for x, y ∈ A,
give a Hom-GD bialgebra (A, [·, ·]−, ◦, α) by Corollary 3.10.
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Example 3.13 Let ∆ be a nonzero abelian subgroup of C. Suppose that f is a nontrivial homo-
morphism of ∆ into the additive group of C. Consider the vector space A with a basis {xa|a ∈ ∆}.
Define an operation on A by
xa · xb = xa+b, for all a, b ∈ ∆.
Then (A, ·) is a commutative associative algebra. Define a linear map α : A −→ A by
α(xa) = e
axa, for all a ∈ ∆.
Then α is an algebra homomorphism of (A, ·). Define another linear map ∂ : A −→ A by
∂(xa) = f(a)xa, for all a ∈ ∆.
It is easy to check that ∂ is a derivation of (A, ·) and α∂ = ∂α. By Corollary 3.10, we obtain a
Hom-GD bialgebra (A, [·, ·]−, ◦, α) with
xa ◦ xb = (f(b) + λ)e
a+bxa+b, [xa, xb]
− = f(a+ b)ea+bxa+b,
for all a, b ∈ ∆, where λ is a fixed number.
Our fourth construction of Hom-GD bialgebras is related to the notion of Hom-Poisson algebra,
which was introduced in the study of deformation theory of Hom-Lie algebras [22].
Definition 3.14 A Hom-Poisson algebra is a vector space A equipped with two operations · and
[·, ·], and a linear endomorphism α, such that (A, ·, α) is a commutative Hom-associative algebra,
(A, [·, ·], α) is a Hom-Lie algebra, and the following relation holds for x, y, z ∈ A:
[α(x), y · z] = α(y) · [x, z] + α(z) · [x, y]. (3.18)
Notice that (3.18) can be equivalently reformulated as
[x · y, α(z)] = [x, z] · α(y) + α(x) · [y, z]. (3.19)
By setting α = id in above definition, we recover Lie-Poisson algebras, which appear naturally in
Hamiltonian mechanics, and are central in the study of quantum groups.
The following result can be considered as a Hom-version of [26, Theorem 3.2].
Theorem 3.15 Let (A, ·, [·, ·], α) be a Hom-Poisson algebra and D a derivation of (A, ·), such that
Dα = αD and
D([x, y]) = [D(x), y] + [x,D(y)] + λ[x, y], for x, y ∈ A, (3.20)
where λ is a fixed number. Define a new operation ◦ by
x ◦ y = x ·D(y) + λx · y, for x, y ∈ A. (3.21)
Then (A, [·, ·], ◦, α) forms a Hom-GD bialgebra.
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Proof. By Theorem 3.8, (A, ◦, α) is a Hom-Novikov algebra. By (3.18)–(3.21) and the fact that D
is a derivation of (A, ·) commuting with α, we get
[x ◦ y, α(z)] − [x ◦ z, α(y)] + [x, y] ◦ α(z) − [x, z] ◦ α(y)− α(x) ◦ [y, z]
= [x ·D(y) + λx · y, α(z)] − [x ·D(z) + λx · z, α(y)] + [x, y] · α(D(z)) + λ[x, y] · α(z)
−[x, z] · α(D(y)) − λ[x, z] · α(y) − α(x) ·D([y, z]) − λα(x) · [y, z]
= [x ·D(y), α(z)] − [x ·D(z) + λx · z, α(y)] + [x, y] · α(D(z)) + λ[x, y] · α(z)
−[x, z] · α(D(y)) − α(x) ·
(
[D(y), z] + [y,D(z)] + λ[y, z]
)
=
(
[x ·D(y), α(z)] − [x, z] · α(D(y)) − α(x) · [D(y), z]
)
−
(
[x ·D(z), α(y)] − [x, y] · α(D(z)) − α(x) · [D(z), y]
)
= 0,
which proves (3.1) and the theorem. 
As it was explained in [26], the above construction is related to Lie superalgebras of Hamiltonian
type and Contact type [15].
§4. Hom-Lie conformal algebras
In this section, we introduce the notion of Hom-Lie conformal algebra and give a general con-
struction of Hom-Lie conformal algebras from formal distribution Hom-Lie algebras, analogous to
the construction of Lie conformal algebras from formal distribution Lie algebras.
Definition 4.1 A Hom-Lie conformal algebra is a C[∂]-module R equipped with a linear endo-
morphism α such that α∂ = ∂α, and a λ-bracket [·λ·] which defines a C-bilinear map from R⊗R
to R[λ] = C[λ]⊗R such that the following axioms hold for a, b, c ∈ R:
[∂aλb] = −λ[aλb], (conformal sesquilinearity) (4.1)
[aλb] = −[b−λ−∂a], (skew-symmetry) (4.2)
[α(a)λ[bµc]] = [[aλb]λ+µα(c)] + [α(b)µ[aλc]]. (Hom-Jacobi identity) (4.3)
Remark 4.2 We recover Lie conformal algebras when α = id. In addition, we can associate to any
Lie conformal algebra a Hom-Lie conformal algebra structure by taking α = 0. Such a Hom-Lie
conformal algebra is called trivial.
Remark 4.3 It follows from (4.1) and (4.2) that
[aλ∂b] = (∂ + λ)[aλb], for a, b ∈ R. (4.4)
Thus ∂ acts as a derivation on the λ-bracket.
A Hom-Lie conformal algebra R is called finite if R is a finitely generated C[∂]-module. The
rank of R is its rank as a C[∂]-module. Letm be a positive integer. R is called a Hom-Lie conformal
algebra of degree m if for any a, b ∈ R, there exist wi,j ∈ R such that
[aλb] =
∑
j≥0,i+j<m
∂iwi,jλ
j. (4.5)
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In particular, for m = 2, there exist c0,0, c1,0, c0,1 ∈ R such that
[aλb] = c0,0 + ∂c1,0 + λc0,1. (4.6)
Let V be any vector space. Following [14], a V -valued formal distribution is a formal series
a(z) =
∑
n∈Z
a(n)z
−n−1, (4.7)
where a(n) = Reszz
na(z) ∈ V is called the Fourier coefficient of a(z). The notion of residue is taken
formally in analogy with Complex Analysis. The vector space of these formal distributions in one
variable is denoted by V [[z, z−1]]. Similarly, a formal distribution a(z, w) in two variables is defined
as a series
∑
m,n∈Z am,nz
−m−1w−n−1 and the space of these series is denoted by V [[z, z−1, w,w−1]].
The delta distribution is the C-valued formal distribution
δ(z, w) =
∑
n∈Z
z−n−1wn. (4.8)
It enjoys the following properties:
∂zδ(z, w) = −∂wδ(z, w), (z − w)
m∂nwδ(z, w) = 0 for m > n. (4.9)
It is known that operator product expansions (OPE’s) are widely used in conformal field theory.
The fundamental notion beneath it is the locality of formal distributions in two variables.
Definition 4.4 Let a(z, w) ∈ V [[z, z−1, w,w−1]]. The formal distribution a(z, w) is called local if
there exists a positive integer N such that (z − w)Na(z, w) = 0.
The following decomposition theorem is due to Kac [14].
Theorem 4.5 Let a(z, w) ∈ V [[z, z−1, w,w−1]] be a local formal distribution. Then a(z, w) can be
written as a finite sum of δ(z, w) and its derivatives:
a(z, w) =
∑
j∈Z+
cj(w)
∂
j
wδ(z, w)
j!
, (4.10)
where cj(w) = Resz(z − w)
ja(z, w) ∈ V [[w,w−1]]. In addition, the converse is true.
Denote
eλ(z−w) =
∑
j∈Z+
λj
j!
(z − w)j ∈ C[[z, z−1, w,w−1]][[λ]]. (4.11)
The formal Fourier transform of a(z, w) ∈ V [[z, z−1, w,w−1]] is defined by
F λz,wa(z, w) = Resze
λ(z−w)a(z, w). (4.12)
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Notice that F λz,w is a linear map from V [[z, z
−1, w,w−1]] to V [[w,w−1]][[λ]]. Indeed, we have
F λz,wa(z, w) =
∑
j∈Z+
λj
j!
cj(w), where cj(w) = Resz(z −w)
ja(z, w). (4.13)
If a(z, w) is local, then F λz,wa(z, w) ∈ V [[w,w
−1]][λ], and
F λz,w∂za(z, w) = −λF
λ
z,wa(z, w) = [∂w, F
λ
z,w], F
λ
z,wa(w, z) = F
µ
z,wa(z, w)|µ=−λ−∂w . (4.14)
Let (L, [·, ·], α) be a Hom-Lie algebra. We can extend the Hom-Lie bracket to the commutator
between two L-valued formal distributions a(z) =
∑
m∈Zamz
−m−1 and b(w) =
∑
n∈Z bnw
−n−1 by
[a(z), b(w)] =
∑
m,n∈Z
[a(m), b(n)]z
−m−1w−n−1 ∈ L[[z, z−1, w,w−1]]. (4.15)
If [a(z), b(w)] is local, we say a(z) and b(w) are mutually local, or
(
a(z), b(w)
)
is a local pair.
Taking the formal Fourier transform F λz,w defined by (4.12) on both parts of (4.15), we can define
a C-bilinear map [· λ·], called a λ-bracket, from L[[w,w
−1]]⊗ L[[w,w−1]] to L[[w,w−1]][[λ]] by
[a(w)λb(w)] = F
λ
z,w[a(z), b(w)]. (4.16)
In the sequel, the λ-bracket between a(w) and b(w) will be simply denoted by [aλb].
Let
(
a(z), b(w)
)
be a local pair of L-valued formal distributions. By Theorem 4.5, we have
[a(z), b(w)] =
∑
j∈Z+
a(w)(j)b(w)
∂
j
wδ(z, w)
j!
, (4.17)
where
a(w)(j)b(w) = Resz(z − w)
j [a(z), b(w)] (4.18)
is called the j-product of a(w) and b(w). This product will be simply denoted by a(j)b. By (4.16)
and (4.17), the λ-bracket is related to the j-products as follows:
[aλb] =
∑
j∈Z+
λj
j!
(a(j)b). (4.19)
By defining the action of ∂ on a(z) =
∑
m∈Za(m)z
−m−1 ∈ L[[z, z−1]] by (∂a)(z) = ∂z(a(z)), and
the action of α on a(z) by α(a)(z) =
∑
m∈Zα(a(m))z
−m−1, we have the following results.
Proposition 4.6 The λ-bracket satisfies the following properties:
(1) [∂aλb] = −λ[aλb], [aλ∂b] = (∂ + λ)[aλb].
(2) if (a(z), b(w)) is a local pair, then [aλb] = −[b−λ−∂a].
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(3) [α(a)λ[bµc]] = [[aλb]λ+µα(c)] + [α(b)µ[aλc]].
Proof. (1) and (2) follow from [14, Proposition 2.3 (a), (b), (c)]. By (2.5) and (4.15), we have
[α(a)(z), [b(x), c(w)]] = [α(b)(x), [a(z), c(w)]] + [[a(z), b(x)], α(c)(w)]. (4.20)
This together with (4.16) gives
[α(a)λ[bµc]] = F
λ
z,w[α(a)(z), F
µ
x,w [b(x), c(w)]] = F
λ
z,wF
µ
x,w[α(a)(z), [b(x), c(w)]]
= F λz,wF
µ
x,w
(
[α(b)(x), [a(z), c(w)]] + [[a(z), b(x)], α(c)(w)]
)
.
Because of [[a(z), b(x)], α(c(w))] ∈ L[[z, z−1, x, x−1, w,w−1]], we can use the property of the formal
Fourier transform, according to which F λz,wF
µ
x,w = F
λ+µ
x,w F
λ
z,x. Hence,
[α(a)λ[bµc]] = F
λ
z,wF
µ
x,w
(
[α(b)(x), [a(z), c(w)]]
)
+ F λ+µx,w F
λ
z,x
(
[[a(z), b(x)], α(c)(w)]
)
= Fµx,w
(
[α(b)(x), F λz,w [a(z), c(w)]]
)
+ F λ+µx,w
(
[F λz,x[a(z), b(x)], α(c)(w)]
)
= [α(b)µ[aλc]] + [[aλb]λ+µα(c)],
which proves (3). 
By (4.19), Proposition 4.6 is translated in terms of j-products as follows.
Proposition 4.7 The j-products satisfy the following equalities.
(1) ∂a(n)b = −na(n−1)b, a(n)∂b = ∂(a(n)b) + na(n−1)b.
(2) a(n)b = −
∑
i≥0(−1)
n+i 1
i!∂
ib(n+i)a, if (a(z), b(w)) is a local pair.
(3) α(a)(m)b(n)c = α(b)(n)a(m)c+
m∑
i=0
(
m
i
)
(a(i)b)(m+n−i)α(c).
A subset F ⊂ L[[z, z−1]] is called a local family of L-valued formal distributions if all pairs of
its constituents are local. The following notion of formal distribution Hom-Lie algebra can be seen
as a Hom-analogue of the notion of formal distribution Lie algebra introduced by Kac [14].
Definition 4.8 Let (L, [·, ·], α) be a Hom-Lie algebra. If there exists a local family F of L-valued
formal distributions, with their Fourier coefficients generating the whole L, then F is said to endow
L with a structure of formal distribution Hom-Lie algebra. In this case, we denote L by (L, F ) to
emphasize the role of F .
Here is a simple example of formal distribution Hom-Lie algebras.
Example 4.9 Let (L, [·, ·], α) be a Hom-Lie algebra. Denote
F = {g(z) =
∑
n∈Z
gz−n−1|g ∈ L}.
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For any g, h ∈ L, we have
[g(z), h(w)] =
∑
m,n[g, h]z
−m−1w−n−1 = [g, h]
∑
m,kz
−m−1w−k+m−1 = [g, h](w)δ(z, w).
Thus (g(z), h(w)) is a local pair, and (L, F ) is a formal distribution Hom-Lie algebra.
The previous example shows that we can trivially associate to any Hom-Lie algebra L a structure
of formal distribution Hom-Lie algebra. In the following, we shall put other restrictions to the local
family F , such that we can endow the formal distribution Hom-Lie algebra (L, F ) with a Hom-Lie
conformal algebra structure.
Definition 4.10 Let (L, [·, ·], α) be a Hom-Lie algebra. A local family F ⊂ L[[z, z−1]] is called a
conformal family if it is closed under their j-products and invariant under the actions of ∂ and α.
It is known from [14] that if (L, F ) is a formal distribution Lie (super)algebra, one can always
include F in the minimal conformal family F¯ , such that (L, F ) can be given a Lie conformal algebra
structure R = C[∂]F¯ , with [aλb] = F
λ
z,w[a(z), b(w)], ∂ = ∂z. For a formal distribution Hom-Lie
algebra (L, F ), we also have a Hom-Lie conformal algebra R = C[∂]F¯ by Propositions 4.6 and 4.7.
Indeed, it suffices to extend α to R = C[∂]F¯ by α(f(∂)u) = f(∂)α(u), for f(∂) ∈ C[∂], u ∈ F¯ .
The following are examples of Hom-Lie conformal algebras.
Example 4.11 Let (L, [·, ·], α) be a Hom-Lie algebra. Denote by Lˆ = L ⊗ C[t, t−1] the affization
of L with
[u⊗ tm, v ⊗ tn] = [u, v]⊗ tm+n, for u, v ∈ L, m, n ∈ Z.
Extend α to Lˆ by α(u⊗ tm) = a(u)⊗ tm. Then (Lˆ, [·, ·], α) is a Hom-Lie algebra. Let
u(z) =
∑
n∈Z
(u⊗ tn)z−n−1.
We have
[u(z), v(w)] =
∑
m,n
([u, v]⊗ tm+n)z−m−1w−n−1
=
∑
m,k
([u, v] ⊗ tk)z−m−1w−k+m−1
= [u, v](w)δ(z, w),
which is equivalent to u(0)v = [u, v] ∈ L, and u(n)v = 0 for n > 0, namely, L is closed under all the
j-products. Thus, we get a Hom-Lie conformal algebra R = C[∂]L with
[uλv] = [u, v], for u, v ∈ L. (4.21)
Indeed, we can extend the λ-bracket to the whole R by
[f(∂)uλh(∂)v] = f(−λ)h(∂ + λ)[uλv], (4.22)
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and extend α to a linear map of R by
α(f(∂)u) = f(∂)α(u), (4.23)
for any f(∂), h(∂) ∈ C[∂], u, v ∈ R. The conformal sesquilinearity (4.1) is naturally satisfied by
(4.22), and (4.23) gives α∂ = ∂α. Thus it suffices to check (4.2) and (4.3) on the generators.
Since the λ-bracket (4.21) is defined by the Hom-Lie bracket on L, axioms (4.2) and (4.3) hold. So
R = C[∂]L is a Hom-Lie conformal algebra, which is viewed as a current-like Hom-Lie conformal
algebra.
Remark 4.12 If R is a free C[∂]-module with the λ-bracket [·λ·] defined on a C[∂]-basis of R such
that (4.2) and (4.3) hold, there is a unique extension of this λ-bracket via (4.1) and (4.4) to the
whole R (as shown in (4.22)). It is easy to show that (4.2) and (4.3) also hold for this extension.
Thus, R is equipped with a Hom-Lie conformal algebra structure. In the sequel, we shall often
describe Hom-Lie conformal algebra structures on free C[∂]-modules by giving the λ-bracket on a
fixed C[∂]-basis.
Example 4.13 Recall that the Virasoro conformal algebra is a free C[∂]-module V ir = C[∂]L
generated by one symbol L such that
[LλL] = (∂ + 2λ)L. (4.24)
Define α(L) = f(∂)L, with 0 6= f(∂) ∈ C[∂]. If (V ir, [·λ·], α) forms a Hom-Lie conformal algebra,
we have
[α(L)λ[LµL]] = [α(L)µ[LλL]] + [[LλL]λ+µα(L)],
which is equivalent to the following equality:
f(−λ)(∂ + λ+ 2µ)(∂ + 2λ)
= f(−µ)(∂ + µ+ 2λ)(∂ + 2µ) + (λ− µ)f(λ+ µ+ ∂)(∂ + 2λ+ 2µ). (4.25)
By (4.25), the highest degree of ∂ in f(∂) is at most 1. We can write f(∂) = a∂ + b, with a, b ∈ C
and (a, b) 6= (0, 0). Comparing the coefficients of ∂2 in (4.25), we have
a(µ− λ)∂2 = a(λ− µ)∂2, (4.26)
which implies a = 0 and thus f(∂) = b 6= 0. Consequently, we obtain a Hom-Lie conformal algebra
V ir = C[∂]L with [LλL] = (∂ + 2λ)L, and α(L) = bL, where b is a nonzero number. We call it the
Virasoro-like Hom-Lie conformal algebra.
With
[aλb] =
∑
j∈Z+
λj
j!
(a(j)b),
we can give a equivalent definition of a Hom-Lie conformal algebra.
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Definition 4.14 A Hom-Lie conformal algebra is a C[∂]-module R equipped with a linear map α
such that α∂ = ∂α, and equipped with infinitely many C-bilinear j-products (a, b) → a(j)b with
j ∈ Z+, such that the following axioms hold for a, b, c ∈ R, m,n ∈ Z+:
a(n)b = 0 for n sufficiently large, (4.27)
∂a(n)b = −na(n−1)b, (4.28)
a(n)b = −
∑
i≥0(−1)
n+i 1
i!
∂ib(n+i)a, (4.29)
α(a)(m)b(n)c = α(b)(n)a(m)c+
m∑
i=0
(
m
i
)
(a(i)b)(m+n−i)α(c). (4.30)
Remark 4.15 In terms of j-products, (4.4) is equivalent to
a(n)∂b = ∂(a(n)b) + na(n−1)b,
which together with (4.28) shows that ∂ acts as a derivation on the j-products.
§5. Equivalence
In this section, we show that the affinization of a Hom-GD bialgebra forms a Hom-Lie algebra.
Also, we prove that a Hom-GD bialgebra is equivalent to a Hom-Lie conformal algebra of degree 2.
Let A be a vector space with two bilinear operations [·, ·] and ◦, and a linear endomophism α.
Denote
L(A) = A⊗ C[t, t−1].
Define a bilinear operation [−,−] on L(A) by
[u⊗ tm, v ⊗ tn] = [u, v] ⊗ tm+n +mu ◦ v ⊗ tm+n−1 − nv ◦ u⊗ tm+n−1, (5.1)
for all u, v ∈ A, and m,n ∈ Z. Moreover, define a linear map ϕ : L(A)→ L(A) by
ϕ(u⊗ tm) = α(u)⊗ tm, for u ∈ A, m ∈ Z. (5.2)
We have the following result.
Theorem 5.1 (L(A), [−,−], ϕ) is a Hom-Lie algebra if and only if (A, [·, ·], ◦, α) is a Hom-GD
bialgebra.
Proof. Assume that (A, [·, ·], ◦, α) is a Hom-GD bialgebra. By (5.1), the bracket [−,−] on L(A)
is skew-symmetric since the bracket [·, ·] on A is skew-symmetric. For u, v, w ∈ A, m,n, k ∈ Z, we
have
[[u⊗ tm, v ⊗ tn], ϕ(w ⊗ tk)] + [[v ⊗ tn, w ⊗ tk], ϕ(u⊗ tm)] + [[w ⊗ tk, u⊗ tm], ϕ(v ⊗ tn)]
= [[u⊗ tm, v ⊗ tn], α(w) ⊗ tk] + [[v ⊗ tn, w ⊗ tk], α(u) ⊗ tm] + [[w ⊗ tk, u⊗ tm], α(v) ⊗ tn]
= ∆1 ⊗ t
m+n+k +∆2 ⊗ t
m+n+k−1 +∆3 ⊗ t
m+n+k−2, (5.3)
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where
∆1 = [[u, v], α(w)] + [[v,w], α(u)] + [[w, u], α(v)], (5.4)
∆2 = m
(
[u, v] ◦ α(w) + [u ◦ v, α(w)] − α(u) ◦ [v,w] − [u,w] ◦ α(v) − [u ◦ w,α(v)]
)
−n
(
[v, u] ◦ α(w) + [v ◦ u, α(w)] − α(v) ◦ [u,w] − [v,w] ◦ α(u) − [v ◦ w,α(u)]
)
+k
(
α(w) ◦ [u, v] + [w, v] ◦ α(u) + [w ◦ v, α(u)] − [w, u] ◦ α(v)− [w ◦ u, α(v)]
)
, (5.5)
∆3 = (m
2 −m)
(
(u ◦ v) ◦ α(w) − (u ◦ w) ◦ α(v)
)
+(n2 − n)
(
(v ◦ w) ◦ α(u)− (v ◦ u) ◦ α(w)
)
+(k2 − k)
(
(w ◦ u) ◦ α(v)− (w ◦ v) ◦ α(u)
)
+mn
(
(u ◦ v) ◦ α(w) − (v ◦ u) ◦ α(w) − α(u) ◦ (v ◦ w) + α(v) ◦ (u ◦ w)
)
+mk
(
(w ◦ u) ◦ α(v) − (u ◦ w) ◦ α(v)− α(w) ◦ (u ◦ v) + α(u) ◦ (w ◦ v)
)
+nk
(
(v ◦ w) ◦ α(u) − (w ◦ v) ◦ α(u)− α(v) ◦ (w ◦ u) + α(w) ◦ (v ◦ u)
)
. (5.6)
By (2.5) and (5.4), we have ∆1 = 0. By (2.2), (2.3) and (5.6), we get ∆3 = 0. By (3.1) and (5.5),
we have ∆2 = 0. Finally, (5.3) gives
[[u⊗ tm, v ⊗ tn], ϕ(w ⊗ tk)] + [[v ⊗ tn, w ⊗ tk], ϕ(u ⊗ tm)] + [[w ⊗ tk, u⊗ tm], ϕ(v ⊗ tn)] = 0. (5.7)
Thus (L(A), [−,−], ϕ) is a Hom-Lie algebra.
The arguments above are reversible. Indeed, if (L(A), [−,−], ϕ) is a Hom-Lie algebra, then
(5.7) holds, namely, (5.3) = 0. This forces ∆1 = 0 (so (A, [·, ·], α) is a Hom-Lie algebra), and
∆2 = ∆3 = 0 for all m,n, k ∈ Z. In particular, set n = k = 0 and m 6= 0, 1 in (5.5) and (5.6). In
this case, ∆2 = 0 is equivalent to
[u, v] ◦ α(w) + [u ◦ v, α(w)] − α(u) ◦ [v,w] − [u,w] ◦ α(v) − [u ◦ w,α(v)] = 0,
and ∆3 = 0 amounts to
(u ◦ v) ◦ α(w) = (u ◦ w) ◦ α(v).
Set m = n = k = 1 in (5.6). Then ∆3 = 0 yields
(u ◦ v) ◦ α(w) − (v ◦ u) ◦ α(w) − α(u) ◦ (v ◦ w) + α(v) ◦ (u ◦ w) = 0.
Because u, v, w ∈ A are arbitrary, we conclude that (A, [·, ·], ◦, α) is a Hom-GD bialgebra. 
Let (A, [·, ·], ◦, α) be a Hom-GD bialgebra. For u ∈ A, m ∈ Z, set u[m] = u ⊗ tm. Then (5.1)
can be rewritten as
[u[m], v[n]] = [u, v][m + n] +m(u ◦ v)[m+ n− 1]− n(v ◦ u)[m+ n− 1], (5.8)
for all u, v ∈ A and m,n ∈ Z. Consider the following L(A)-valued formal distribution
u(z) =
∑
m∈Zu[m]z
−m−1 ∈ L(A)[[z, z−1]]. (5.9)
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(5.8) is equivalent to
[u(z1), v(z2)] = [u, v](z2)δ(z1 − z2) + ∂z2(u ◦ v)(z2)δ(z1 − z2)
+(u ◦ v + v ◦ u)(z2)∂z2δ(z1 − z2). (5.10)
Furthermore, we have
(z1 − z2)
2[u(z1), v(z2)] = 0, (5.11)
namely, [u(z1), v(z2)] is local. Applying F
λ
z1,z2
to (5.10), we obtain
F λz1,z2([u(z1), v(z2)]) = [u, v](z2) + ∂z2(u ◦ v)(z2) + λ(u ◦ v + v ◦ u)(z2), (5.12)
from which we can define a λ-bracket [·λ·] : A⊗A → A[λ] by
[uλv] = [u, v] + ∂(u ◦ v) + λ(u ◦ v + v ◦ u), for u, v ∈ A, (5.13)
where ∂ = ∂z2 . In terms j-products, (5.13) is equivalent to
u(0)v = [u, v] + ∂(u ◦ v), u(1)v = u ◦ v + v ◦ u, u(j)v = 0, for u, v ∈ A, j ≥ 2, (5.14)
which shows that A is closed under all the j-products. It is easy to check that the λ-bracket defined
by (5.13) satisfies (4.2). However, the Hom-Jacobi identity (4.3) does not hold due to the Hom-
Novikov algebra structure (A, ◦). Indeed, as we will see it, the problem can be solved by changing
the order of u and v on the right-hand side of (5.13).
The following result is analogous to Gel’fand and Dorfman’s statement for Gel’fand-Dorfman
bialgebras and Xu’s theorem for super Gel’fand-Dorfman bialgebras.
Theorem 5.2 Let A be a vector space equipped with a linear endomorphism α and two operations
◦ and [·, ·]. Let RA = C[∂]⊗A be the free C[∂]-module over A. Extend α to RA by
α(f(∂)⊗ u) = f(∂)⊗ α(u), for u ∈ A, f(∂) ∈ C[∂]. (5.15)
and define a λ-bracket [·λ·] : A⊗A → A[λ] by
[uλv] = [v, u] + ∂(v ◦ u) + λ(v ◦ u+ u ◦ v), for u, v ∈ A. (5.16)
Then (A, [·, ·], ◦, α) is a Hom-GD bialgebra if and only if (RA, [·λ·], α) is a Hom-Lie conformal
algebra of degree 2.
Proof. Suppose that (A, [·, ·], ◦, α) is a Hom-GD bialgebra. To show (RA, [·λ·], α) is a Hom-Lie
conformal algebra, we need to check the axioms from Definition 4.1. The conformal sesquilinearity
(4.1) is naturally satisfied as the λ-bracket is defined on generators of a free C[∂]-module, as it is
explained in Remark 4.12. It follows from (5.15) that α∂ = ∂α. Thus it suffices to verify (4.2) and
(4.3). By (5.16) and (2.4), we have
[v−λ−∂u] = [u, v] + ∂(u ◦ v) + (−λ− ∂)(v ◦ u+ u ◦ v)
= [u, v] − ∂(v ◦ u)− λ(v ◦ u+ u ◦ v)
= −[v, u]− ∂(v ◦ u)− λ(v ◦ u+ u ◦ v) = −[uλv], (5.17)
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which proves (4.2). To show (4.3), with a direct calculation we get
[α(u)λ[vµw]] = [[w, v], α(u)] + ∂[w, v] ◦ α(u) + λ
(
[w, v] ◦ α(u) + α(u) ◦ [w, v]
)
+(∂ + λ)
(
[w ◦ v, α(u)] + ∂(w ◦ v) ◦ α(u) + λ((w ◦ v) ◦ α(u) + α(u) ◦ (w ◦ v))
)
+µ
(
[v ◦ w + w ◦ v, α(u)] + ∂(v ◦ w + w ◦ v) ◦ α(u) + λ(v ◦ w +w ◦ v) ◦ α(u)
)
+µλ
(
α(u) ◦ (v ◦ w + w ◦ v)
)
= [[w, v], α(u)] + ∂
(
[w, v] ◦ α(u) + [w ◦ v, α(u)]
)
+ ∂2(w ◦ v) ◦ α(u)
+λ
(
[w, v] ◦ α(u) + α(u) ◦ [w, v] + [w ◦ v, α(u)]
)
+ µ
(
[v ◦ w + w ◦ v, α(u)]
)
+∂λ
(
2(w ◦ v) ◦ α(u) + α(u) ◦ (w ◦ v)
)
+ λ2((w ◦ v) ◦ α(u) + α(u) ◦ (w ◦ v)
)
+∂µ(v ◦ w +w ◦ v) ◦ α(u) + µλ
(
(v ◦ w + w ◦ v) ◦ α(u) + α(u) ◦ (v ◦ w + w ◦ v)
)
,
where the second equality follows from (4.1) and (4.4). Similarly, we have
[α(v)µ[uλw]] = [[w, u], α(v)] + ∂
(
[w, u] ◦ α(v) + [w ◦ u, α(v)]
)
+ ∂2(w ◦ u) ◦ α(v)
+ µ
(
[w, u] ◦ α(v) + α(v) ◦ [w, u] + [w ◦ u, α(v)]
)
+ λ
(
[u ◦ w + w ◦ u, α(v)]
)
+ ∂µ
(
2(w ◦ u) ◦ α(v) + α(v) ◦ (w ◦ u)
)
+ µ2((w ◦ u) ◦ α(v) + α(v) ◦ (w ◦ u)) + ∂λ(u ◦ w + w ◦ u) ◦ α(v)
+ µλ
(
(u ◦ w + w ◦ u) ◦ α(v) + α(v) ◦ (u ◦ w + w ◦ u)
)
,
and
[[uλv]λ+µα(w)] = [α(w), [v, u]] + µ
(
α(w) ◦ [v, u] + [v, u] ◦ α(w) − [α(w), v ◦ u]
)
+∂α(w) ◦ [v, u] + λ
(
α(w) ◦ [v, u] + [v, u] ◦ α(w) + [α(w), u ◦ v]
)
+∂λα(w) ◦ (u ◦ v) + λ2
(
α(w) ◦ (u ◦ v) + (u ◦ v) ◦ α(w)
)
−∂µα(w) ◦ (v ◦ u)− µ2
(
α(w) ◦ (v ◦ u) + (v ◦ u) ◦ α(w)
)
+µλ
(
α(w) ◦ (u ◦ v) + (u ◦ v) ◦ α(w) − α(w) ◦ (v ◦ u)− (v ◦ u) ◦ α(w)
)
.
So (4.3) holds if and only if the following equalities hold
0 = [[w, v], α(u)] − [[w, u], α(v)] − [α(w), [v, u]], (5.18)
0 = [w, v] ◦ α(u) + [w ◦ v, α(u)] − ([w, u] ◦ α(v) + [w ◦ u, α(v)] + α(w) ◦ [v, u]), (5.19)
0 = (w ◦ v) ◦ α(u) − (w ◦ u) ◦ α(v), (5.20)
0 = [w, v] ◦ α(u) + α(u) ◦ [w, v] + [w ◦ v, α(u)] − [u ◦ w + w ◦ u, α(v)]
−(α(w) ◦ [v, u] + [v, u] ◦ α(w) + [α(w), u ◦ v]), (5.21)
0 = [v ◦ w + w ◦ v, α(u)] −
(
[w, u] ◦ α(v) + α(v) ◦ [w, u] + [w ◦ u, α(v)]
)
−
(
α(w) ◦ [v, u] + [v, u] ◦ α(w) − [α(w), v ◦ u]
)
, (5.22)
0 =
(
2(w ◦ v) ◦ α(u) + α(u) ◦ (w ◦ v)
)
− (u ◦ w + w ◦ u) ◦ α(v)− α(w) ◦ (u ◦ v), (5.23)
0 = (v ◦ w + w ◦ v) ◦ α(u) + α(w) ◦ (v ◦ u)−
(
2(w ◦ u) ◦ α(v) + α(v) ◦ (w ◦ u)
)
, (5.24)
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0 = (w ◦ v) ◦ α(u) + α(u) ◦ (w ◦ v)− α(w) ◦ (u ◦ v)− (u ◦ v) ◦ α(w), (5.25)
0 = (w ◦ u) ◦ α(v) + α(v) ◦ (w ◦ u)− α(w) ◦ (v ◦ u)− (v ◦ u) ◦ α(w), (5.26)
0 = (v ◦ w + w ◦ v) ◦ α(u) + α(u) ◦ (v ◦ w + w ◦ v)− (u ◦ w + w ◦ u) ◦ α(v)
−α(v) ◦ (u ◦ w + w ◦ u)− α(w) ◦ (u ◦ v)− (u ◦ v) ◦ α(w)
+α(w) ◦ (v ◦ u) + (v ◦ u) ◦ α(w). (5.27)
Equalities (5.18), (5.19) and (5.20) hold because of (2.5), (3.1) and (2.3), respectively. Since u, v, w
are arbitrary, equalities (5.21), (5.23) and (5.25) are respectively equivalent to (5.22), (5.24) and
(5.26). Furthermore, (5.21) can be rewritten as
(
[w ◦ v, α(u)] + [w, v] ◦ α(u) − α(w) ◦ [v, u] − [w ◦ u, α(v)] − [w, u] ◦ α(v)
)
+
(
[u ◦ v], α(w)] − [u ◦ w,α(v)] − [u,w] ◦ α(v) + [u, v] ◦ α(w) − α(u) ◦ [v,w] = 0,
which is implied by (3.1). By (2.3), equality (5.23) amounts to
(w ◦ u) ◦ α(v) − α(w) ◦ (u ◦ v) = (u ◦ w)α(v) − α(u) ◦ (w ◦ v),
which holds due to (2.2). Similarly, we get (5.25). To check (5.27), we rewrite it as
(
(v ◦ w) ◦ α(u)− α(v) ◦ (w ◦ u)− (w ◦ v) ◦ α(u) + α(w) ◦ (v ◦ u)
)
+
(
(w ◦ u) ◦ α(v) − α(w) ◦ (u ◦ v)− (u ◦ w) ◦ α(v) + α(u) ◦ (w ◦ v)
)
−
(
(u ◦ v) ◦ α(w) − α(u) ◦ (v ◦ w)− (v ◦ u) ◦ α(w) + α(v) ◦ (u ◦ w)
)
= 0,
which follows from (2.2). Thus, (4.3) holds and (RA, [·λ·], α) is a Hom-Lie conformal algebra, which
is of degree 2 by (4.6) and (5.16).
Conversely, assume that (RA, [·λ·], α) is a Hom-Lie conformal algebra. The Hom-Jacobi identity
(4.3) gives (5.18)–(5.27), from which we can deduce (2.2)–(2.5) and (3.1) by the discussions above.
Therefore, (A, [·, ·], ◦, α) is a Hom-GD bialgebra. 
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